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Abstract
The Luttinger Theorem,which relates the electron density to the volume of the Fermi surface in an
itinerant electron system, is taken to be one of the essential features of a Fermi liquid. Themicroscopic
derivation of this result depends on the vanishing of a certain integral, the Luttinger integral IL, which
is also the basis of the Friedel sum rule for impuritymodels, relating the impurity occupation number
to the scattering phase shift of the conduction electrons. It is known that non-zero values of ILwith
IL=±π/2, occur in impuritymodels classiﬁed as singular Fermi liquids. Here we show the same
values, IL=±π/2, occur in an impuritymodel in phases with regular low energy Fermi liquid
behavior. Consequently the Luttinger integral can be taken to characterize these phases, and the
quantumcritical points separating them interpreted as topological.
1. Introduction
The characteristic feature of a Fermi liquid is that its low energy behavior can be understood in terms of
interacting quasiparticles and their collective excitations. In the Landau phenomenological formulation [1] of a
Fermi liquid it is assumed that the one-electron excitations of these quasiparticles are in 1-1 correspondence
with those of the non-interacting system. This correspondence implies that the volume of the Fermi surface of
these quasiparticles can be directly related to the electron density, as is the case for the non-interacting system.
Themicroscopic derivation of Fermi liquid theory, clarifying and justifying Landau’s assumptions, was
developed in the series of papers by Luttinger andNozières [2, 3]. Themicroscopic derivation of the relation
between the Fermi surface volume and the electron density given by Luttinger is commonly referred to as the
Luttinger theoremor Luttinger sum rule.
Deviations from the Luttinger sum rule, however, have been reported in the results of theoretical
calculations formodels of strongly correlated electron systems in particular regimes [4–9]. There is also recent
experimental evidence [10] that in the underdoped phase of the cuprate superconductors the volume of the
Fermi surface corresponds, not to the total electron number 1−p, but to the doping level p. To investigate the
possible origin of such deviations, we ﬁrst of all take a closer look at the derivation of the Luttinger theorem to see
what assumptions are involved in its derivation.
We consider a three dimensional lattice systemwith Bloch states with energy òα(k), whereα denotes a band
index, and a single electronGreen’s functionGα(k,ω)with a proper self-energy at zero temperatureΣα(k,ω) due
to interactions,
G k
k k
,
1
,
, 1

w w m w= + - - Sa a a( ) ( ) ( ) ( )
whereμ is the chemical potential. On the assumption the imaginary part ofΣα(k, iδ) vanishes for δ→0, a Fermi
surfacewithwave-vector kF can be deﬁned by
k k , 0 0. 2F F m+ S - =a a( ) ( ) ( )
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In order to deﬁne quasiparticle excitations we need the further condition thatΣα(k,ω+iδ) (δ→0) behaves
asymptotically asΣα(k,ω+iδ)∝ω
2, asω→0. This conditionwas establishedwithin perturbation theory by
Luttinger [2, 11] as a consequence of the limited phase space for low energy scattering. If rewrite the self-energy
in the form [12, 13],
k k k k, , 0 , 0 , , 3remw m w wS = + S + S¢ + Sa a a a( ) ( ) ( ) ( ) ( )
where k,rem wSa ( ) is the remainder term, andwe substitute into equation (1), we can rewrite the equation in the
form,
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where z k1 , 0k, 1= - S¢a a -( ( )) and ka˜ ( ), the quasiparticle excitation energy, is given by
zk k k, 0 , 5k, m= + + Sa a a a˜ ( ) ( ( ) ( )) ( )
and zk k, ,k,
remw wS = Sa a a˜ ( ) ( ) is the renormalized self-energy.We can deﬁne a free quasiparticle Green’s
function,G k,
0 wa˜ ( ),
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and a corresponding total free quasiparticle density of states k
k0 ,
år w d w= -a a ( ) ( ( )). The Luttinger
theorem is then equivalent to the statement that the total number of electrons corresponds to an integration of
the free quasiparticle density of states up to the Fermi levelω=0. The total number of electrons in the systemN
can be calculated from the spectral density of the one-electronGreen’s function using
N G i dk
1
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in the limit δ→+0.We can rewite this expression in the form,
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such that theﬁrst integral can be explicitly evaluated on using equation (1). The resulting equation forN is
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where IL is the Luttinger integral,
I G dk
k
Im ,
,
. 10
k
L
0
,
ò å w ww w= - ¶S¶a a a-¥ ⎜ ⎟
⎛
⎝
⎞
⎠( )
( ) ( )
Wewill refer to equation (9) as the generalized Luttinger theorem. The standard Luttinger theorem, giving the
relation between the electron density and the volume of the Fermi surface, follows from this result with IL=0.
The proof given by Luttinger andWard [14] that IL=0 depends on the validity of the perturbation theory or
equivalently that the low energyﬁxed point of the interacting system is continuously connected to that of the
non-interacting system, and hence reduces to the non-interacting ﬁxed point as the interaction terms are
adiabatically reduced to zero.
We see that the Luttinger theorem can break down if the self-energy has a singularity atω=0 such that the
steps leading to the deﬁnition of a quasiparticle no longer hold. If that is the case then the system is classiﬁed as a
non-Fermi liquid. Some non-Fermi liquids, however, such as the one dimensional systems known as Luttinger
liquids, still satisfy the theorem.Herewe investigate another possibility that we can have a Fermi liquid, in that
the low energy behaviour of the system can be understood in terms of quasiparticles, but the assumptions
leading to the result that IL=0 no longer hold.
Unfortunately there are as yet no really reliable or exact techniques to examine this possibility in lattice
models inmore than one dimension.However, there are interacting impuritymodels, where essentially the
same question can arise and forwhich exact and accuratemethods have been developed. Probably themost
important andwell understood interacting impuritymodel is theAndersonmodel [15, 16].
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where ds†, ds, are creation and annihilation operators for an electron in a non-degenerate level at the impurity
site, with energy òd and spin component ,s =  . The parameterU (>0) is the Coulomb interactionmatrix
element on the impurity site. The creation and annihilation operators ck,s
† , ck,s are for partial wave conduction
electronswith energy òk corresponding to a conduction band density of states D1 2cr w =( ) if Dw <∣ ∣ ,
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otherwise ρc(ω)=0. The one-electron causal Green’s function at the impurity siteGd(ω) takes the form,
G
i
1
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, 12d
d
w w w w= + D - - S( ) ( ) ( ) ( )
where Vk k k
2 p dD = å ∣ ∣ ( ) and wS( ) the local self-energy. The equivalent of the Luttinger sum rule for the
impurity is the Friedel sum rule [17], which is essentially a particular application of themore general Luttinger
theorem [18]. It gives the occupation of the impurity site nd in terms of the phase shift of the scattered conduction
electrons η,
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The parameters d˜ and D˜ that characterise the free quasiparticles are given by
z z0 , , 14d d = + S D = D˜ ( ( )) ˜ ( )
where z 1 0 1= - S¢ -( ( )) .We can deﬁne a free quasiparticle density of states for the impurity dr w˜ ( ),
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and the Friedel sum rule given by (13) corresponds to the integration of this quasiparticle density of states up to
the Fermi level.
The single impurity Andersonmodel has a unique low energyﬁxed point in all parameter regimes
corresponding to a Fermi liquid and there is no evidence of any breakdown of the Friedel sum rule. In studies of
certainmultiple impuritymodels non-zero values of the Luttinger integral have been reported in certain phases
with IL 2= 
p [19–23]. However, these have been classiﬁed as singular Fermi liquids as they have non-analytic
low frequency scattering term (for a full discussion of the distinction between regular, singular and non-Fermi
liquids seeMehta et al [24]). In the next sectionwe consider the possibility of aﬁnite Luttinger integral term for a
two-impuritymodel with competing phases which, away fromparticle-hole symmetry, has two distinct regular
Fermi liquid low energyﬁxed points.
2. Themodel andNRGcalculations
Themodel we consider here describes two quantumdots or impurities coupled by an antiferromagnetic
exchange and direct term,with aHamilonian 1,2 12  = å +a a= , witha corresponding to an individual
Anderson impuritymodel, as given in equation (11) but with an additional indexα=1, 2, to label the dots.
Each dot is connected to its own conduction bath and hence carry the sameα label. TheHamiltonian 12
describes an antiferromagnetic exchange term J and a direct interactionU12 between the two dots,
J U n nS S2 . 16d d d d12 ,1 ,2 12
,
,1, ,2, å= +
s s
s s
¢
¢· ( )
For simplicity we consider identical dots sowe can drop the indexα for the impurities.
Themodel has beenwell studied, in this form [25, 26], and in earlier formswhere the impurities are
described byKondomodels [27–32]. Themain focus of these studies has been the quantum critical point
associatedwith the development of a locally paired singlet statewhich occurs at a critical coupling J=Jc. For
J<Jc anymagnetic screening of the impurities is predominantly via the conduction electrons in their respective
baths, but for J>Jc, the impurities are screened locally by the interaction between them. TheWilson ratios for a
spin, charge, staggered spin and charge in the Fermi liquid regimes on both sides of the transition at J=Jcwere
calculated from the renormalized parameters for the quasiparticles in earlier work [25, 26], andwere in complete
agreementwith exact results found in essentially the samemodel studied byDe Leo and Fabrizio [33]. There is a
gap in the local spectral density at the Fermi level in the particle-hole symmetric case J>Jc. Here, however, we
are concernedwith sum rules and spectral densities in the regular Fermi liquid phases away fromparticle-hole
symmetry.
3.Occupation numbers and the Luttinger-Friedel sum rule
Weuse the numerical renormalization group (NRG) [34, 35] technique to determine the low energy behaviour
of thismodel. If this corresponds to a Fermi liquid ﬁxed point then the low energy effectivemodel takes the same
form as the originalmodel butwith the parameters òd,Vk,U, J andU12, replaced by the corresponding
renormalized values, d˜ ,Vk˜, U˜ , J˜ andU12˜ . There is an additional proviso that all two-body interaction terms
have to be normal ordered [12] as the interactions only come into playwhen two ormore quasiparticles are
3
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created from the interacting ground state which plays the role of the vacuum. Thoughwe takeU12=0 in all
cases considered here there areﬁnite values ofU12˜ to be taken into account in general. The renormalized
parameters (RP) can be deduced from the single particle and two-particle excitations on the approach to the
ﬁxed point as has been described elsewhere [36].We can use the results for d˜ and D˜ and deﬁne a quasiparticle
impurity occupation number nd˜ via
n
2
1
2
arctan . 17d
dh
p p= = - D
⎜ ⎟⎛⎝
⎞
⎠˜
˜
˜ ( )
Weallow for the possibility of a contribution from the Luttinger integral IL and so consider the generalized
Friedel-Luttinger sum rule for each impurity site which takes the form,
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which is derived from theGreen’s function given in equation (12), as in the steps following the derivation of
equation (10) from equation (8). The total occupation number per impurity site nd can be calculated in theNRG
from the expectation value of d dås s s† in the ground state and nd˜ from the renormalized parameters deduced
froman analysis of the low energyﬁxed point. Results for both nd and nd˜ are shown and compared inﬁgure 1 as a
function of J/Jc for a parameter set with the impurity level lying above the Fermi level such that for J=0,
nd<1. For J<Jc there is a very precise agreement between the values of nd˜ and nd. At J=Jc there is a sudden
jump in the value of nd˜ by 1, which corresponds to a jump in the phase shift η byπ/2. This persists for J>Jc such
that the value of nd˜ exceeds nd by 1. The phase shift ofπ/2 cannot be accounted for by a jump to another branch
of the arctan; it suggests that themore general Luttinger-Friedel sum rule given in equation (18) should be used
in calculating nd from the phase shift.
To check this result we carry out an alternative direct calculation of IL by substituting theNRG results for the
self-energy andGreen’s function in equation (19). The results for nd andΣR(0) across the transition are shown in
ﬁgure 2 for the parameter set used inﬁgure 1. They show clearly that the non-zero value of the Luttinger integral
IL arises from the discontinuity inΣR(0) as the value of nd as calculated from the integral termon the right hand
side of equation (19) is continuous across the transition. The corresponding result for IL inﬁgure 3 shows that
IL=π/2 for all values with J>Jc. Also shown are the results for a second parameter set but in this case where
the impurity level lies below the Fermi level òd<0, giving I 2L p= - for J>Jc. Note that thoughwe have
takenU=0 in this case, aﬁnite renormalized U˜ is induced by the exchange term, and is such thatU p D˜ ˜ as
J→Jc [25, 26].
To check this behaviourmore generally we calculated IL p for the parameter set withU>πΔ and J>Jc
and varied òd. The results for IL p are shown inﬁgure 4 plotted as a function of òd. In all cases, weﬁnd a constant
value IL/π=1/2 over range òd<−U/2 and IL/π=−1/2 over range U 2d > - , where the change of sign is
at the point with particle-hole symmetry.We conclude that IL takes constant values in the different phases.
Figure 1.Aplot of the impurity site occupation number nd, as calculated directly from theNRG, as a function of J/Jc, comparedwith
nd˜ (RP) from the Friedel sum rule and as corrected by including the Luttinger integral in (18), for òd/πΔ=0.159,πΔ=0.01,U
/πΔ=0.5,D=1 and Jc=5.4401763×10
−3.
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4. Changes in spectral density across the transition
The jump in the phase shift η ofπ/2 from the value at J−=Jc−δ to that for J+=Jc+δ, δ→0
+, from
equation (17) implies a discontinuity in d D˜ ˜ such that
1, 20d d
 
D D = -+ -
⎜ ⎟ ⎜ ⎟⎛⎝
⎞
⎠
⎛
⎝
⎞
⎠
˜
˜
˜
˜ ( )
Figure 2.Aplot of the occupation number per site nd and the real part of the self-energyΣR(ω) atω=0, as a function of
J J JLog c c10 -(∣ ∣ ) for the parameter set in ﬁgure 1.
Figure 3.Aplot of the Luttinger integral IL/π as a function of J/Jc for the parameter set inﬁgure 1 (circles) and the set, òd/πΔ=−1.0,
πΔ=0.01,U=0 and J 1.5126323 10c 2= ´ - (squares).
Figure 4.Aplot of the Luttinger integral IL/π as a function of òd for the parameter set with J/πΔ=8,U/πΔ=4 andπΔ=0.01.
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or equivalently a discontinuity in the value ofΣ(0). In the Luttinger-Friedel sum rule this is compensated by the
jump in the Luttinger integral to±π/2, so that the value of nd is continuous through the transition. The sudden
discontinuity inΣ(0) is however reﬂected in the spectral density of states ρd(ω) at the impurity site at the Fermi
levelω=0. In terms of the phase shift ρd(0) is given by
0
sin 1
. 21d
d
2 2
2 2
r hp p= D = D
D
+ D( )
( ) ˜
˜ ˜
( )
Wecan calculate this quantity from equation (21) using renormalized parameters as deduced from the low
energyﬁxed point orwe can also calculate it from anNRG calculation of the spectral density ρd(ω). Inﬁgure 5we
give the results forπΔρd(0) as a function of J/Jc for the parameter set inﬁgure 1.We see complete agreement
between the two sets of results, conﬁrming the Fermi liquid interpretation in the regime J>Jc. Themid-point of
the discontinuity, indicated by a star inﬁgure 5, corresponds to ρd(0)=1/2πΔ, and seems to be a general
feature independent of the particular parameter set chosen.
Apart from the sudden jump in the value of ρd(0) at J=Jc, there is a continuous redistribution of the spectral
weight ρd(ω) as J varies through the transition region. Inﬁgure 6we show this change, for the parameter set in
ﬁgure 1, by comparing the formof ρd(ω) for values of J/Jc, slightly below and slightly above the transition. For
J=0.8Jc there is a single broad peak above the Fermi level, which becomes very narrow and shifts to just above
the Fermi level at J=0.99Jc. After the transition for J=1.01Jc there is a sudden drop in the spectral density at
the Fermi level and a peak just below the Fermi level. For J=1.2Jc the peak has shifted to lower energies and
broadenedwith a distinct localminimum in ρd(ω) at the Fermi level. The formof the spectral density in the
immediate region of the Fermi level is to a good approximation given by the spectral density due to the free
quasiparticles, dr w˜ ( ) given in equation (15), whenmultiplied by the quasiparticle weight factor z = D D˜ ,
reﬂecting the Fermi liquid nature of the low lying excitations. As J→Jc, 0d ˜ and 0D ˜ , this quasiparticle
expression gives the narrowing of the peak on the approach to the transition. The discontinuity in d˜ at J=Jc
and change of sign from equation (20) gives the shift of the peak across the Fermi level.
Figure 5.Aplot ofπΔρd(0) as a function of J/Jc for the parameter set inﬁgure 1 as calculated from the renormalized parameters
(crosses) and from theNRG calculated spectral density (circles).
Figure 6.Aplot of ρd(ω) as a function ofω for the parameter set inﬁgure 1with values of J/Jc=0.8, 0.99, 1.01, 1.2.
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Wecan interpret the loss of spectral weight at the Fermi level as due to formation of the local singlet state,
which now requires aﬁnite energy to excite and hence no longer contributes to the elastic scattering of the
electrons at the Fermi level. As a consequence, the relation between the zero frequency phase shift of the
conduction electrons and the occupation number at the impurity site no longer holds. The Luttinger integral
termhas to be included in the Friedel sum rule to account for themissing electrons in the local singlet state.
Finally inﬁgure 7wegive the imaginarypart of the self-energy wS( ) as a functionofω/T*,whereT* is the
renormalized energy scaleT 4* p= D˜ .Here forFermi liquidbehavior, as in the single impurityAndersonmodel,we
expect anω2 formon the scaleω<T*. There are some inaccuracies in calculating this quantity fromanNRG
calculationdue tobroadeningofdiscretedata, but there is a very reasonableﬁt to thequadratic formasgiven in theplot.
5. Conclusions
Wehave established in thismodel, away fromparticle-hole symmetry and for parameter sets with a range of
valuesU/πΔ, that we have three distinct Fermi liquid phases. One of themhas the expected value IL=0 for the
Luttinger integral. The other two have constant values of IL with either IL=π/2 or IL=−π/2. As the case with
IL=0 includes the case J=0 and the single impurity Andersonmodel, itﬁts the condition in some deﬁnitions
of a Fermi liquid that the states of the interacting system correspond to an adiabatic evolution from those of the
non-interacting system. This is not the case for the phases with IL=±π/2, where the local singlet electrons do
not contribute to the phase shift, but nevertheless they satisfy all the other usual requirements of a Fermi liquid;
well deﬁned low energy quasiparticles, with non-singular scattering leading to the usualω2 terms, and
consequentT2 low temperature behavior. The casewith particle-hole symmetry is different. Though there is a
sudden change of phase shift by
2
p at J=Jc, for J>Jcwe ﬁnd the self-energy has a simple pole,
1wS ~ w( ) as
ω→0, and consequently the spectral density goes to zero at the Fermi level.
Thedifferent Fermi liquidphases canbe classiﬁedby thequantumnumber2IL/π, which is not associatedwith
any symmetry. This could give a general explanationof puzzling question as towhy the transition in thismodel is so
robust, existingnotonly away fromparticle-hole symmetrybut also forU=0.As this quantumnumber cannot
change continuously at any transitionbetween these phases, it implies that the transition at J=Jc is essentially a
topological one.Our results also raise the question as towhether theLuttinger integral can take similar values and
modify the standardLuttinger relation in strong correlation latticemodels, such as the t-Jmodel [6].
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